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In this paper we complete the classiﬁcation of special Moufang sets
M(U , τ ) with abelian Hua subgroup. It is already known that if U
has odd characteristic, then M(U , τ ) is the projective line over a
commutative ﬁeld. We present a similar result which also deals
with special Moufang sets of even characteristic.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Moufang sets have been introduced by Jacques Tits in 1990 (see [5]). In the last few years there has
been a growing interest in them since they turn out to be an important tool for studying algebraic
groups of rank one. There are also some interesting connections between Moufang sets and other
algebraic structures. The theory of Moufang set is essentially the theory of split BN-pairs of rank one.
They are also closely related to the rank one groups introduced by Timmesfeld in [4].
A Moufang set is a set X with at least 3 elements together with a collection of groups (Ux)x∈X
contained in Sym X such that the following two conditions hold:
1. For all x ∈ X , the group Ux ﬁxes x and acts regularly on X \ {x}.
2. The group G† := 〈Ux; x ∈ X〉 normalizes the set {Ux; x ∈ X}.
The group G† is usually called the little projective group of (X, (Ux)x∈X ). Every Moufang set can be
constructed as follows: Let (U ,+) be a (not necessarily abelian) group, ∞ a symbol not contained
in U and τ a permutation on X := U ∪ {∞} with 0τ = ∞ and ∞τ = 0. For all a ∈ U , let αa ∈ Sym X
be deﬁned by ∞αa = ∞ and xαa = x + a for all x ∈ U . Set U∞ := {αa; a ∈ U } and Ux := U ταx∞ for
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the map τμa with μa = ατ(−a)τ−1αaατ−(aτ−1) induces an automorphism of U (see [3]). In this case
the Moufang set (X, (Ux)x∈X ) is usually denoted by M(U , τ ). Note that the map τ is in general not
uniquely determined. For example, one always has M(U , τ ) = M(U ,μa) for all a ∈ U#.
A very important class of Moufang sets are the special Moufang sets. A Moufang set M(U , τ ) is
called special if (−a)τ = −(aτ ) holds for all a ∈ U#. This condition doesn’t depend on τ .
The most common example of a special Moufang set is the projective line over a commutative
ﬁeld K and is usually denoted by M(K ). Such Moufang sets are sometimes called projective. Here,
U is the additive group of K and τ is usually deﬁned by aτ = −a−1 for a ∈ K# = K \ {0}. In this case,
the little projective group is isomorphic to PSL2(K ). If we set H := G†0,∞ (the Hua subgroup), then
H = {ha; a ∈ K#} with ∞ha = ∞ and xha = xa2 for x ∈ K . Thus H is isomorphic to the subgroup of
all squares in K#.
This construction also works for quadratic Jordan division algebras. If J is a quadratic Jordan di-
vision algebra, U is the additive group of J and τ is again deﬁned by aτ = −a−1 for a ∈ J#, then
M(U , τ ) is again a special Moufang set which is usually denoted by M( J ). There is a famous conjec-
ture that every special Moufang set is isomorphic to M( J ) with J a quadratic Jordan division algebra.
In [3] the authors give a characterization for projective Moufang sets: If M(U , τ ) is a special Mou-
fang set such that U is abelian and contains no involution (or equivalently, U is not of exponent 2),
then M(U , τ ) is isomorphic to M(K ) for a commutative ﬁeld K if and only if the Hua subgroup of
M(U , τ ) is abelian. This is no longer true if U is of exponent 2: Let K be a ﬁeld of characteristic 2
and K 2 its subﬁeld consisting of all squares in K . If J is a K 2-vectorspace with K 2 ⊆ J ⊆ K , then J is
a quadratic Jordan division algebra (since J is closed under quadratic Jordan multiplication and taking
inverses) and therefore M( J ) is a Moufang set with abelian Hua subgroup (since it is contained in the
projective line over K ), but if J is not a subﬁeld of K , then this Moufang set is not projective (this
follows from the fact that not all elements in the Hua subgroup of M( J ) are of the form τμa with
a ∈ J# which would be the case if M( J ) was projective). If we take for instance K = F2(x, y) with x, y
indeterminates, then dimK 2 K = 4 and every K 2-subspace J of K with dimK 2 J = 3 and 1 ∈ J gives us
an example for this situation.
Our aim is to show that these are the only exceptions which can occur and so every special
Moufang set with abelian Hua subgroup is embeddable in a projective line.
The author likes to thank Richard Weiss for his helpful comments.
2. The main theorem
Our notation and terminology follows [1]. Let M(U , τ ) be a special Moufang set with τ = μe for a
ﬁxed e ∈ U#. Set ha := τμa for a ∈ U# and h0 := 0. Then the Hua subgroup is by deﬁnition the group
H generated by all ha with a 	= 0.
From now on, we assume that H is abelian. This implies that U is abelian as well: If U contains an
involution, then this is Theorem 5.5 in [2], and if not, we can apply 6.4(2) of the same paper. Theo-
rem 6.3 of this article tells us that μa is an involution for all a ∈ U#. By Theorem I.5.2(a) in [4] either
U is an elementary abelian p-group for some prime p or U is torsion free and uniquely divisible.
Hence, U is a vectorspace over a ﬁeld F with either F = Fp or F = Q.
Let K be the subring in EndF (U ) generated by H . Since H is abelian, K is commutative. Every
element in K is of the form
∑n
i=1 ihi with i ∈ {1,−1} and hi ∈ H .
Set ha,b := ha+b − ha − hb for all a,b ∈ U . Note that ha,b = hb,a ∈ K for all a,b ∈ U . Since K is
commutative, ha,b is K -linear, i.e. a K -module endomorphism.
Our main theorem is:
Theorem. Let M(U , τ ) be a special Moufang set with τ = μe for an element e ∈ U# . Suppose that the Hua
subgroup H of M(U , τ ) is abelian. Let F be the prime ﬁeld associated to U and let K be the subring of EndF (U )
generated by H. Then:
(1) If char U 	= 3, then K is a ﬁeld and the mapH : U → K : a → ha is an anisotropic quadratic form.
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(3) If char U = 2, then there is a K -vectorspace J with K ⊆ J ⊆ √K such that M(U , τ ) ∼= M( J ). (Here, √K
means the ﬁeld of all elements in an algebraic closure of K whose square is in K .)
Proof. (1) Let a,b ∈ U with a 	= 0. By Lemma 5.1 in [3], one has
−ah−1a ha,b = −aμaτha,b = aτha,b = −2b.
Since H is abelian, this implies
aha,b = 2bha.
Note that this is also true for a = 0. For a,b, c ∈ U we get
aha+b+c = aha+b + ahc + aha+b,c
= aha + ahb + aha,b + ahc + aha+b,c
= aha + ahb + ahc + 2bha + aha+b,c
and
aha+b+c = aha + ahb+c + ahb+c,a = aha + ahb + ahc + ahb,c + 2(b + c)ha.
Comparing these two expressions, we have
aha+b,c = ahb,c + 2cha.
If we interchange a and b, we get
bha+b,c = bha,c + 2chb.
If we add up these two equations, we get
aha+b,c + bha+b,c = ahb,c + 2cha + bha,c + 2chb.
The left side of this equation equals
aha+b,c + bha+b,c = (a + b)ha+b,c = 2cha+b = 2cha + 2chb + 2cha,b.
Therefore, this implies
2cha,b − ahb,c = bha,c.
If we interchange a and c, we get
2ahb,c − cha,b = bha,c.
Hence, one has
2cha,b − ahb,c = bha,c = 2ahb,c − cha,b
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3cha,b = 3ahb,c.
Since we assume char U 	= 3, we get cha,b = ahb,c . Since ha,b is a K -linear map, the map c → ahb,c =
ahc,b for ﬁxed a,b ∈ U is also K -linear. Thus the map h.,. : U × U → K : (a,b) → ha,b is K -bilinear.
Therefore, for x, y ∈ K and a ∈ U one gets hax,ay = ha,axy = 2haxy.
For all a,b ∈ U , one has ha = h−a and hahb = hbhahb = hah2b (see Proposition 5.2 in [1]). Sup-
pose a ∈ U , h ∈ H and  ∈ {1,−1}. Then h = hb1 . . .hbn ∈ H with b1, . . . ,bn ∈ U#. One computes
ha·(h) = ha·h = ha·h = h(a·(hb1 ...hbn−1 ))·hbn = ha·(hb1 ...hbn−1 )h2bn . Induction on n yields ha·(h) = ha·h =
hah2 = ha(h)2.
Suppose x ∈ K \ {0}. Then there is an element a ∈ U with a · x 	= 0. There are h1, . . . ,hn ∈ H and
1, . . . , n ∈ {1,−1} with x =∑ni=1 ihi . Since h.,. is K -bilinear, we get
ha·x = ha·∑ni=1 ihi =
n∑
i=1
ha·(ihi) +
∑
i< j
ha·(ihi),a·( jh j)
=
n∑
i=1
ha(ihi)
2 +
∑
i< j
2i jhahih j = ha
(
n∑
i=1
ihi
)2
= hax2.
Thus x is invertible with x−1 = h−1a·xhax =
∑n
i=1 ih−1a·xhahi ∈ K . Hence K is a ﬁeld. Moreover, we have
seen that the map H is a quadratic form.
(2) Suppose char U 	= 2. For all a ∈ U , one has eha,e = 2a, hence e⊥ = {0}. Therefore, dimK U = 1. If
we identify K and U via x → e · x, the map H just sends a to a2. Furthermore, aτ = −ah−1a = −aa−2 =−a−1. Now one sees that M(U , τ ) and M(K ) are isomorphic.
(3) Suppose char U = 2. Then for all a,b ∈ U , one has aha,b = 0. Since ha,b ∈ K , this implies
ha,b = 0. Thus the map φ : U →
√
K : a → √ha is an injective, K -linear map with φ(e) = 1 and
φ(aτ ) = φ(ah−1a ) = φ(a)h−1a =
√
hah−1a =
√
h−1a = φ(a)−1. Thus the claim follows. 
The case char U 	= 2 already follows from Theorem 6.1 in [3] and Corollary 6.4 in [2]. These theo-
rems also cover the case char U = 3, so now we have a complete description of special Moufang sets
with abelian Hua group.
Corollary. Let M(U , τ ) be a special Moufang set with τ = μe for some e ∈ U# . If U is abelian, then M(U , τ ) ∼=
M(K ) for a commutative ﬁeld K if and only if H = {ha; a ∈ U#}.
Proof. If U is abelian, then μa is an involution for all a ∈ U# (see Theorem 6.3 in [2]). Therefore,
if H = {ha; a ∈ U#}, then conjugation with τ inverts every element of H , so H is abelian. So by
the theorem (and by 6.1 in the case that the characteristic is 3) there is a commutative ﬁeld K
such that M(U , τ ) ∼= M(K ) or char K = 2 and there is a K -vectorspace J with K ⊆ J ⊆ √K such
that M(U , τ ) ∼= M( J ). Suppose the second case holds. Then for all a,b ∈ J# there is a c ∈ J# with
hahb = hc , thus a2b2 = c2 and so ab = c ∈ J . Moreover, for all a ∈ J# one has (a−1)2 ∈ K and therefore
a−1 = (a−1)2 · a ∈ J . This shows that J is a subﬁeld of √K . 
Remark. The condition that M(U , τ ) is special is essential. There are many known examples of non-
special Moufang sets with abelian Hua subgroup, for example the Suzuki Moufang sets or the Ree–Tits
Moufang sets.
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